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e The notion of the optimal partition for second-order conic op-
timization.

e [teration complexity of the identification of the optimal parti-
tion.

e The quadratic convergence of the Newton’s method to identify
a maximally complementary optimal solution.

Second-order conic optimization (SOCQO) problem is defined as
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(D) max{b'y: A'y+s=¢c, s L}
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Assumption 1. A has full row rank.
Assumption 2. Slater condition: 3 feasible (x,y,s) | x,s € int(L").

As a result, strong duality holds between (P) and (D).

The complementarity condition is written as xos = 0, where
o T i
ZBZOSZ:: Z,L(ZE) Si i ] Zzl,,p
L1859, T S1T2:n,
Let P* and D* denote the primal and dual optimal sets, respectively.

o (x*,y*, s*) € P"xD*is maximally complementary if it has
maximal number of second-order cones ¢ for which
(z")* + (s")* € int(L)").
o (x*,y*,s*) € P" x D" is called strictly complementary if
xt+ st E int(LfL).
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Az =0b, z€int(L)),
Aly+s=c, seint(L]),
Tos = JLe.

e A unique solution (x(u),y(ur),s(u)) so called a central solution
Vi > 0.

e As i — 0, the trajectory converges to a maximally complemen-
tary optimal solution.
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In SOCO, the index set {1,--- ,p} of the second-order cones is partitioned
into four sets B, N, R, and 7 = {71, 72, T3} as follows.

B:={i|x} > |z, |, for some z € P*},

N :={i| s} > |sh,. |, for some s € D},

R :={i| 2} =|ab,. || >0, s{ =|sh.,. || > 0 for some (z,y,s) € P* x D*},
T = {z ' =s'=0, for some (z,y,s) € P* XD*},

To={i|s" =0, z{ =z, | >0, for some (x,y,s) € P* x D*},
Ts:={i| 2" =0, s{=|sb,. | >0, for some (x,y,s) € P* x D*}.

e (B,N,R,T) is called the optimal partition of SOCO.

e For this problem R, 75 # 0.

e The unique optimal solution is not strictly complementary.
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Theorem 1. We can identify B, N', R and T from a given central solution
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where k > 0 is a constant, v = 27 % and d is the degree of singularity
of the optimal set.
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Let TE"‘; (x) (T21(8)) be the tangent space to L7} at x (s).

e A primal feasible solution x is called nondegenerate if
Zi () + Ker(A) = R™.

e A dual feasible solution (y, s) is called nondegenerate if

4. (s) + Span(A4') = R".
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The second-order sufficiency condition for (D) is written as
p

SUP 4 Z W' H (y, z)h > 0,
1=1
where C'(y) denotes the cone of critical directions, and

HZ(W){O AR AT, s ebd(an)\{O},

otherwise.

Lemma 1. Assume that the primal nondegeneracy condition holds.
Then (1) holds at the unique solution (y*,s*) € rint(D").

HOSNONLINEAR REFORMULATION OF (D)

Using the optimal partition we can obtain (y*, s*) € rint(D*) by

vh € C(y) \ 10}, (1)
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S.t. Al w =c;, 1€BUTL U,
Afw+20 =¢, 1€RUT;, (2)
(' R,z =0, i€RUT;,
(w,z) €W,

where w € R™, 2* € R™ for i € R U 73, and W is defined as
W = {(w,z) | 21 >0, i€ RUT3, ¢ — Al weint(L""), iEN}.

Lemma 2. By the dual nondegeneracy condition, the set of Lagrange
multipliers associated with the optimal solution of (2) is a singleton.

Let [ be an upper bound for the Jacobian of the system of optimality

conditions at the unique optimal solution of (2), and define
1
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Theorem 2. Assume that the primal-dual nondegeneracy conditions
hold. Then, starting from (xz(un),y(w), s(w)), where
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the Newton’s method applied to the KKT system of (2) converges to
the unique optimal solution (y*,s*) with quadratic rate.
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